Introduction and summary
If a group Γ is generated by a finite subset 5, then one has the "growth function" g s , where g s (m) is the number of distinct elements of Γ expressible as words of length <m on 5. Roughly speaking, J. Milnor [9] shows that the asymptotic behaviour of g s does not depend on choice of finite generating set S c Γ, and that lower (resp. upper) bounds on the curvature of a riemannian manifold M result in upper (resp. lower) bounds on the growth function of π^M). The types of bounds on the growth function are In § 3 we show that, // a group Γ has a finitely generated nϊlpotent subgroup Δ of finite index, then it is of polynomial growth, and in fact c 1 m £:i(J) < g s (m) < c 2 m E2{Δ) , where 0 < c x < c 2 are constants depending on the finite generating set S C Γ, and E X (Δ) < E 2 (A) are positive integers specified in (3.3) by the lower central series of A. In § 4 we consider a class of solvable groups which we call "polycyclic" Proposition 4.1 gives eleven characterizations, all useful in various contexts; finitely generated nilpotent groups are polycyclic. We prove that a polycyclic group, either has a finitely generated nilpotent subgroup of finite index and thus is of polynomial growth, or has no such subgroup and is of exponential growth. We also give a workable criterion for deciding between the two cases. Applying a result of Milnor [10] which says that a finitely generated nonpolycyclic solvable group is of exponential growth, we conclude that a finitely generated solvable group, either is polycyclic and has a nilpotent subgroup of finite index and is thus of polynomial growth, or has no nilpotent subgroup of finite index and is of exponential growth.
In § 5 the results of § § 3 and 4 are applied to quotient groups of subgroups of fundamental groups of riemannian manifolds whose mean curvature 1 > 0 everywhere, resulting in fairly stringent conditions on the fundamental group of a complete riemannian manifold of non-negative mean curvature. Those conditions, however, are not strong enough to prove the conjecture that the fundamental group must be finitely generated.
In § 2, before considering growth rate, we make a few estimates and prove that // a compact riemannian manifold M has every sectional curvature < 0, and π x (M) is nilpotent^ then M is a flat riemannian torus. In § 6 we combine the results of § §2 and 5 with a result of Cheeger and Gromoll [5] , proving a result on quotient manifolds of nilmanifolds, which contains L. Auslander's conjecture that if a compact nilmanifold M admits a riemannian metric ds 2 with every sectional curvature < 0 or with every sectional curvature > 0, then M is diffeomorphic to a torus. In fact we prove (M, ds 2 ) isometric to a flat riemannian torus, and we manage the diffeomorphism only assuming nonnegative mean curvature. Here we do not require any invariance property on the metric, so that considerations are more delicate than the known results ( [17] , [19] and G. Jensen's thesis) for invariant metrics on nilmanifolds.
The results of §2 raise the question of whether a compact riemannian manifold M with every sectional curvature < 0, such that π 2 (M) has a solvable (or polycyclic) subgroup of finite index, is necessarily flat. If the answer is "yes" then one can strengthen Corollary 2.2, replacing "nilpotent" by "solvable" (or "polycyclic) in the formulation: if M is a compact riemannian manifold with every sectional curvature < 0, then π α (M) has a nilpotent subgroup of finite index if and only if M is flat.
The results of § §3 and 4 raise the question of whether every finitely generated group Γ, which is not of exponential growth, necessarily has a nilpotent subgroup of finite index. The answer "yes" is suggested, first by Theorem 4.8 which proves it in case Γ is solvable, second by the work of Shub and Frank on expanding maps, and third by a personal prejudice that a finitely generated group must be of very rapid growth if it has no solvable subgroup of finite index.
Manifolds of nonpositive curvature and nilpotent fundamental group
In this section we adapt some of our earlier results [16] on bounded isometries to prove Proof of corollary from theorem. There is a riemannian covering π\M r -*M where Δ = π^MO-The multiplicity of the covering is the index of Δ in π^M), and hence finite; so M f is compact. Theorem 2.1 says that M' is a flat riemannian torus, and so M is flat, and that Δ is free abelian on (dim M') = (dim M) generators.
Proof of theorem. Let π: N -*M denote the universal riemannian covering, and Γ the group of deck transformations of the covering. Then Γ = π Ύ (M) 7 so Γ is nilpotent, and Γ is a properly discontinuous group of fixed point free isometries of N such that Ad = Γ\N. Compactness of M provides us with a compact set K c N such that N = Γ-K.
lff:N-*Nis any map, we define the displacement function δ f : N -* Rby δ f (x) is the distance from x to f(x) . Then δ f is continuous if / is continuous. In particular the δ r , γ e Γ, are continuous. Thus we have well defined bounds
for displacement on K of elements of Γ. Let Z Γ denote the center of the group Γ. It is a nontrivial free abelian group because Γ is a torsion free finitely generated nilpotent group. Let x € N and γeZ Γ . Then we have ξ € Γ such that ξ(x) e K, and we compute
In other words,
Thus every element of Z Γ is a bounded isometry [16] By (2.6), (2.8) and (2.10) we have a compact set K A c A such that Z Γ K A = A. Suppose n' e B X N' such that {f(nθ: f € Γ'} has an accumulation point. Choose n A eA and let n = (n A ,n f ) eN; if / € Γ' has 7 € Γ as preimage, we replace γ by the appropriate element of γZ Γ , and then we may assume γ A (n A ) € K A . But then {^n): γ e Γ} has an accumulation point, which is absurd. We conclude that (2.13) Γ f acts discontinuously on B X N' . Now (2.10) and compactness of M say that (2.14) Γ'\(B X NO is compact .
Define M = Γ'\{B X NO-Construction of B X N' and hypothesis on M say that B X N' is a simply connected riemannian manifold 2 with every sectional curvature nonpositive. Γ f is a properly discontinuous (by (2.13)) group of fixed point free (by (2.12)) isometries, so M r is a riemannian manifold 2 such that (i) every sectional curvature of M r is nonpositive, and (ii) TΓiίMO ^ Γ", nilpotent group. Finally M' is connected by construction and is compact by (2.14). Thus (2.15) M' satisfies the hypotheses of Theorem 2.1 .
We are ready to prove Theorem 2.1 by induction on dimension. Nontriviality
By (2.15) and induction hypothesis, now M' is a flat riemannian torus. Thus B X N' = B, a euclidean space, and Γ' is a group of ordinary translations of B. Now N = N o = A X JB, product of euclidean spaces, and every element γ € JΓ has form 7^ X p' where p' is an ordinary translation of B. But (2.9) says that γ A is an ordinary translation of A. It follows that every γ € Γ is an ordinary translation of the euclidean space N. This proves M = Γ\N to be a flat riemannian torus, q.e. Milnor [9] observes that, if Γ is the free abelian group onT = {r 1? r 2 }, then g τ (m) = 2m 2 + 2m + 1. We give his observation a slight push. 3.6. Proposition. Let T = {r 19 , τ n } be a minimal generating set for a free abelian group Γ of rank n. Then the growth function 
Lemma. Let Γ be an (s + I)-step nilpotent group with lower central series
Suppose that Γ/Γ 1 is finitely generated. Then there are finite sets f fc = uS*^/*'* r*, r /*"* , which, though not unique because of torsion in the Γ k /Γ k+U can be made "almost" unique by assuming Γ fc to be ordered so that {φ k (τ kΛ ), , y> fc (r fc>nA .)} generates a free abelian group of rank n k in Γ k /Γ k+i . Then that free abelian group has some finite index I k in Γ k /Γ k+X9 and (3.9a) can always be chosen such that Proof. Let Ψ be the intersection of the conjugates σΓσ~ι of Γ in Σ. Then Ψ is a finitely generated normal subgroup of finite index in Σ. In particular Γ is finitely generated. Suppose that Theorem 3.11 is known for normal subgroups. Let Γ have polynomial growth of degree < E. Let U c V be respective finite generating sets of Ψ C Γ, and let c > 0 such that g v (m) < cm E . Then gu(m) < g v (m) shows that Ψ has polynomial growth of degree < £, so Σ has polynomial growth of degree < E. UΓ is nilpotent, then further Ψ is nilpotent, so Σ has polynomial growth of degree < min {E, E 2 (Ψ)}. But E 2 (W) = E 2 (Γ). Thus the assertions follow for Γ. Now we need only consider the case where Γ is normal in Σ.
Now Γ is a normal subgroup of finite index in Σ. Let U = {μ 19 , μ p } be a system of representatives of Σ/Γ. Let T o be a finite generating set for Γ and define Remark. We proved, more generally, that if Γ C Σ has finite index, then there are respective finite generating sets T c V and a number M > 0 such that
for all integers m > 1 .
The growth function for solvable groups -groups of exponential growth
In this section we extend our growth function estimates from the class of finitely generated nilpotent groups to a larger class of solvable groups.
A solvable group is called polycyclic if it satisfies the (equivalent) conditions of the following proposition.
Proposition. Let Γ be a solvable group with derived series
Then the following conditions are equivalent. (8) There is an exact sequence {1} -> Δ -> Γ* -* Φ -> {1}, where Δ is a finitely generated nilpotent group, Φ is a finitely generated free abelian group, and Γ* is a subgroup of finite index in Γ.
(9) Γ is isomorphic to a discrete subgroup of a Lie group which has only a finite number of topological components.
(10) Γ is isomorphic to a discrete subgroup of a connected solvable Lie group.
(11) Γ has a faithful representation by integer matrices. Remark. The proof of Proposition 4.1 consists more or less of noticing some known hard theorems at the same time.
Proof. K. A. Hirsch [6] proved equivalence of (2), (3) and (7). The equivalences by hypothesis, and finally conclude finite generation for Γ k . For (5) =£> (6), since (5) and (7) are equivalent, every subgroup Σ C Γ satisfies the maximal condition and thus has every Σ k finitely generated; so every subgroup Σ c Γ has Σ = Σ° finitely generated. Now the first 7 conditions are equivalent.
MaΓcev [8] proved (4) => (8) . Given (8), every subgroup of Δ or Φ is finitely generated; so every subgroup of Γ* is finitely generated, and (6) follows. Now the first 8 conditions are equivalent.
L. Auslander [3] (or see Swan [13] ) proved that (4) =$> (11). Given (11) we have Γ C GL(n, Z) C GL(n 9 C), and conjugate Γ into a Borel subgroup of GL(n, C); thus (11) =φ (10). Trivially (10) => (9) . Given (9), say with Γ C G and G/G Q finite, G. D. Mostow [11, Theorem Γ] proves that every subgroup of Γ Π G o is finitely generated on < dim G o elements, so every subgroup of Γ is finitely generated. Thus (9) =£> (6) . Now all eleven conditions are equivalent.
q.e.d. 
Manifolds of non-negative curvature and solvable fundamental group
We apply Theorems 3.2 and 4.3 to complete riemanian manifolds of nonnegative mean curvature. E λ (Δ) is the notation (3.3).
5.1. Theorem. Let M be a complete n-dimensional riemannian manifold whose mean curvature > 0 everywhere, i.e. whose Ricci tensor is positive semidefinite everywhere. Let Γ be a quotient group of a subgroup of the fundamental group πSM).
If Γ is a finitely generated solvable group, then Γ has a finitely generated nilpotent subgroup of finite index. 2. If Δ is a finitely generated nilpotent subgroup of Γ, then E γ (Δ) < n.
Proof. In the guise of the fact that any exponential map exp x : M x -• M of the universal covering must be volume decreasing, J. Milnor uses the completeness and non-negative mean curvature on M to prove [9, Theorem 1] every finitely generated subgroup of πXM) has polynomial (5.2) growth of degree < n.
Let Γ be a quotient group of a subgroup Ψ c π γ (M). If a subgroup Σ C Γ has a finite set 5 of generators,, then we take an arbitrary finite set H C.Ψ which projects to 5, and observe g s (m) < g H (m). Now (5.2) says every finitely generated subgroup of Γ has polynomial growth of degree < n.
If Γ is finitely generated and solvable then (5.3) and Theorem 4.8 force Γ to have a (necessarily finitely generated) nilpotent subgroup of finite index. If Δ C Γ is a finitely generated nilpotent group, then (5.3) and Theorem 3.2 say E X (Δ) < n.
Corollary. Let M be a complete riemannian manifold of non-negative mean curvature with π x {M) finitely generated and solvable. Then π γ {M) has a nilpotent subgroup of finite index, and every nilpotent subgroup Δ
In order to take advantage of Mostows's result, written as (9) ^> (6) (G) by an element of the form (1, a) .
6.1. Lemma. Let Γ be a subgroup of E(G).
(1) Γ is a discrete subgroup of E(G) if and only if the action of Γ on G is properly discontinuous.
(2) Suppose that Γ is closed in E(G). Then the coset space E(G)/Γ is compact if and only if the identification space Γ\G is compact. Hence M' is a compact nilmanifold. 6 We do not assume ds 2 to come from a left invariant riemannian metric on N. Its only presumed invariance property is the trivial one, namely, its lift to N is jΓ-invariant, i.e. is the lift of a riemannian metric on M. ) has every sectional curvature > 0. Then a theorem of Cheeger and Gromoll [5] says that the universal riemannian covering manifold of (M, ds 2 ) is the product of an euclidean space and a compact simply connected manifold. It follows that (M, ds 2 ) is flat. As (M, ds 2 ) has every mean curvature > 0, it also follows, as just seen, that TV is a real vector group.
To complete the poof of Theorem 6.3, we notice that (la) and (lc) each implies that (M, ds 1 ) is flat and that TV is a real vector group, thus implying (lb). As (lb) classically implies (Id), which in turn implies both (la) and (lc), now part 1 of Theorem 6.3 is proved. Proposition 6.2 gives equivalence of (2a), (2b) and the condition that Δ = Γ. Under the conditions of (1), (M', ds' 2 ) is a flat riemannian torus. Thus Δ = Γ if and only if (M, ds 2 ) is a flat riemannian torus, and hence part 2 of Theorem 6.3 is proved.
To complete the proof of Theorem 6.4, we recall that TV is a real vector group and that M is diff eomorphic to a compact euclidean space form (M, dσ 2 ). Thus Proposition 6.2 gives equivalence of (a), (b) and the condition that Δ = Γ. But Δ = Γ if and only if M is diff eomorphic (in fact equal) to the torus M'. Hence Theorem 6.4 is proved.
